An abstract theorem is given on essential self-adjointness of operators in infinite direct sum of Hilbert spaces and is applied to a class of Hamiltonians in nonrelativistic quantum field theory to prove their essential self-adjointness.
I. INTRODUCTION
In this paper we present an abstract theorem on essential self-adjointness of operators in infinite direct sum of Hilbert spaces and apply it to a class of Hamiltonians in nonrelativistic quantum field theory (QET) to prove their essential selfadjointness.
About 20 years ago, D. Masson and W. K. McClary' gave an interesting proof of the essential self-adjointness of the Hamiltonian of (+"), theory with a space cutoff. Their proof makes use of some specific properties of the interaction Hamiltonian acting in the boson Fock space over L '( IR) . We have found that their method can be formulated in an abstract way to give a criterion for essential self-adjointness of operators in infinite direct sum of Hilbert spaces. This is a background of the present work.
The outline of the present paper is as follows. In Sec. II we first state the abstract theorem mentioned above and then prove it. The proof of the theorem is quite similar to that of Masson and McClary in Ref. 1, but, we give it for completeness. Section III is devoted to the application of the theorem to a class of models in nonrelativistic QFT. Each model in the class describes a quantum system of a finite number of nonrelativistic particles interacting with some quantum scalar fields. In Sec. IV we discuss some examples: the linear polaron mode1,2-5 the RWA oscillator,G8 a model of a bounded electron interacting with a quantized radiation field,'-" their generalizations, and scalar quantum electrodynamics with cutoff~. '~ ii. THE ABSTRACT THEOREM Let X, , n = 0, I,2 ,..., be Hilbert spaces and R= ;sv, (2.1) n=O ..
be the infinite direct sum ofx,,, n)O. Every vectorf#is a sequence f = {f cn)};Z 0 of vectors f (%P with llfll'= 2 Ilf '"'ll'< 'we We identify fen) with the vector CO,0 ,..., O,f("),O,...,&Y
[the (n + 1) th component isf '"' and all the other components are zero]. We introduce the subspace go = {fZ@'lf'"' = 0 for all but finitely many n), (2.2) which is degse in ;t;", and the degree operator ("number operator") 
3) with domain d3 = 1 fzzcq nzo n211f'"'I12 < co) *
The operator 2 is self-adjoint and non-negative. Let A be a self-adjoint operator in X which is reduced by each P,,, so that for all n>O, A:
is self-adjoint. It is easy to see that A is essentially self-adjoint on the dense subspace 29 = D(A)i-mo.
(2.5)
Let B be a symmetric operator in 8 that satisfies the following conditions (B 1) and (B2).
(B 1) 9, CD(B) and there exist a constant c > 0 and a
for all n>O, and Iwg)l~cllLfItll(~+ U"gfl, J;kE~.
(B2) There exists an integerp>O such that for all&~O, ( f 'm),Bf (n)) = 0 unless Irn -nl = O,l,..., p, The following theorem gives a criterion for the essential self-adjointness of the operator A + B.
Theorem 2.1: Let A and B be as above. Suppose that A f Bis bounded from below. Then A + B is essentially selfadjoint on g.
To prove this theorem, we prepare a lemma, which may be interesting in its own right. Let {f, );= , CD be a sequence satisfying the following conditions (i)-(iv):
(9 f, #O;
(ii) (f,,f,) =0, unless m=n; (iii) ( fm,Sfn ) = 0, unless m = n; (iv) (J;,,Tf,) = 0, for ]m -n1>2; (VI (f,-,,Tf,) +cf,,wi,
where we set fO = 0. Then, for all n) 1, f, #O and (2.12) where,u is a constant with 0 <p <A and we set a, = 0. It is easy to see that for all n)2, a, is real. Let g, = adin and ii=R-p, which is strictly positive. Multiplying (2.12) by a,, , we have k-,,Tg,) + (g,&) + k+,J",) =O. Hence, we can apply the preceding result with f,, R, and S replaced by g,, , R, and S -p, respectively, to obtain o> k, I, CL) = -%+,%I(f,+,9Tf,)l.
Since a, = 1 > 0, this inequality implies that for all n>2, a, > 0. Multiplying (2.7) [ resp. (2.12)] by a', (resp. a, ) and making the subtraction to eliminate the term ( f, ,Rf, ), we obtain (a,, -a,+,)I(L+,,Tfn)l =/.La,IIfn~~2+ (a,-, -%)I(f,-,J-L)l, 01.
(2.13)
Taking n = 1 in this equation, we see that a, > u2. It then turns out that for all n) 1, a, > a, + , . It is sufficient to prove that Ker (C 1 9 )* = {0} (e.g., Theorem X.26 in Ref. 13 ) . Let geKer( C 1 9 ) *. Then (g&f) =o, (2.14) for all feLi3. By (2.4), we have
Using (Bl ) and (B2), we obtain
Hence, the map: f-(g'"',Af ) defines uniquely a continuous linear functional on Z. Hence, by the Riesz lemma, there exists a vector $n&F such that
Since 9 is a core of A, this equation extends to all fsD(A ), which implies that g'"'ED(A *) = D(A). Hence, g'"'&. Ifp = 0, then B: Z', -+Zn for all n)O and hence c:~iX,+Z,, for all n>O. Therefore, puttingf= g(",Ea into (2.14), we have 0 = (g,Cg'"') = (g(n),Cg(n))>,yllg(n)l12. Hence, g(") = 0 for all n>O, i.e., g = 0.
Let p> 1 and define
j=O Putting f = h, into (2.14)) we have (g,Ch, 1 = 0, which implies that
where we set h _ , = 0. It is easy to see that (h,,h,, I= 0 (h,,Ah,) = 0, unless m = n and (h,,Bh,) = 0, for Irn -nl>2. Suppose that g#O. Then, for some n, h, #O. Hence, we can define N= min{n>O( llhn 11 #O). Then we can apply Lemma 2.2 with f, = h, i. n _ , (n> 1 ), S= A,T= B, to obtain Using the Schwarz inequality, we have In this section we apply Theorem 2.1 to prove the essential self-adjointness of a class of Hamiltonians in nonrelativistic quantum field theory, The Hamiltonians we consider correspond to models of a finite number of nonrelativistic particles interacting with some quantum scalar fields.
For a mathematical generality, we assume that the scalar fields under consideration are over Rd with d> 1. The Hilbert space for state vectors of the particle system is taken tobeL2(WN). Wedenotebyq= (q,,...,qN)&Nthecoordi-nate variable of RN and define the "momentum operator" p by P= (P I ,'.-,pN 1, with . a pJ= -z' (3.1) where i = m and the partial derivatives are taken in the generalized sense.
The mathematical framework for the quantum scalar fields is given as follows: Let X be the M direct sum of L2(Wd) (M>l):
and S"( X) (n> 1) be the n-fold symmetric tensor product of%:
S"(37) = @yF-(3.3) [we set SO(A"7 = @I. The Hilbert space for the scalar fields is taken to be the symmetric Fock space over X: 9,(-m = ii S"(X). (3.4) ??=O We denote by a(F) (FEZ) the annihilation operator in F, (x) (antilinear in F) and by Nb the number operator, The mapping: L 2(Rd) 3f-f = (0 ,..., 0,f;O ,..., O)EX (the tih component isfand the other components are zero) defines an embedding of L 2(Rd) into X. Let Y(Rd) be the Schwartz space of rapidly decreasing Co functions on R'. Then the mapping: P( I@) 3f-+a( f, ) defines an operatorvalued distribution; we denote its kernel by a, (k) :
The operator-valued distributions {a, (k)}y= , satisfy the canonical commutation relations: (iii) W,,, (a::,...,a~~;a,,,...,a," 1 maps Sk(%) into Sktm-"(5Y) (resp. CO]) fork>n (resp. k<n). For proof of this lemma, see Theorem X.44 in Ref. 13. Let m, (k) ,r = 1 ,...,M, be non-negative measurabIe functions on L '( Rd) with w,EL fm ( IEd) and h m= cB~~,,w, be the direct sum of w, as multiplication operators. We define HF =dr(;j, (3.8) to be the second quantization of the operator 2. We have
Every closed operator A (resp. B) in L 2(RN) [ resp. Y,(X)] extendstoFasAeI(resp.leB),whereI denotes identity. In what follows, however, we shall denote them by the same symbols, provided that there is no danger of confusion.
We now consider the following Hamiltonian:
The Hilbert space of the coupled system of the particles and the scalar fields is defined by + ,&4 ,<Jk Cvj,. ,j$j, ' * 'pj,Qj,+ , ' ' 'qjI 
11) where $ denotes algebraic tensor product. We prove the following theorem. Theorem 3.2: Suppose that His bounded from below on B H. Then H is essentially self-adjoint on 9 H. To prove Theorem 3.2, we need a preliminary. To apply Theorem 2.1 to the present case, we must rewrite F as an infinite direct sum. To this end, we make use of the FockHermite-Wiener decomposition of L *(RN). We first recall this decomposition. Let v, > 0,j = l,...,N, be constants and introduce the annihilation and creation operators for the particles as follows: (3.24) j= 1 Using (3.23) , the entire Hilbert space 3 is decomposed as .9-= iis,, (3.25) ?I=0 where 7, = e 4, @PSrn(X). t+m-n One can easily show that (3.26) where C,<, > 0 is a constant. We are now ready to prove Theorem 3.2, Proof of Theorem 3.2: Write H as ~~b,Y~l~c11(N, + l) "'$[j, WWy) ,j= A...&. H=Ho +H,, (3.27) with Using (3.15), ( 3.16), and (3.27) 
29) The degree operator in .F represented as (3.25) is given by %=N,+N,. By Lemma 3.1 (iii) and the fact that bJ (resp. 6, ) maps A, into dk+, (resp. dk _ , ), we see that for all Y = CY(n'):zO, @ = Cw"'l-n"=oE~o, In this section we discuss some concrete examples of the Hamiltonian Hgiven by (3.10). We follow the notations in Sec. III unless otherwise stated.
Example I: Let us take X = L *(Rd) (i.e., the case M= I), so that with gj,,.,jrEW and ;1, is a measurable function on Rd with /I;i,Aj/&zi, 2( If@). We assume that V is bounded from below:
In the case where N = 1 and V(q) = Kq*/2 with a constant K> 0, H, gives the Hamiltonian of a model of laser,2 which was discussed rigorously in Refs. 4 and 5, in connection with the problem of Lamb shift and spontaneous emission of light in quantum electrodynamics. Thecase where N = d = 3 and V(q) = Kq'/2 is the linear polaron model.3 The Hamiltonian H, with N = 1 and with a nonquadratic V was proposed by Caldeira and Leggett" to discuss quantum tunneling and coherence with dissipation. For quantum coherence, V is taken to be a double well potential, e.g., V(q) = g( 1 -4')' with a constant g> 0. The model given by (4.1) is a generalization of these models. The operator H, is bounded from below and essentially self-adjoint on 9 H,.
Pro08 Since H, is of the form of the operator H defined by (3. lo), we need only to show that it is bounded from below. Then (4.5) By (4.3), HP is bounded from below. We note that for all Ye2 ff, , ('J',Hb'?') 
The right-hand side is non-negative and hence (Y,H, \y ) >O. Thus it follows that H, is bounded from below on gH,. n Example2: Letb, Fbegivenby (3.12) and (3.13) and V be as in Example 1. Let H, =p2/2m + V(q) + dr(w) is called the RWA oscillator (e.g., Refs. 6-8). Theorem 4.2: The operator H2 is bounded from below and essentially self-adjoint on 9 H,.
Proox The operator Hz is of the form of H given by (3.10) . Hence, we need only to prove the boundedness from below of H2 on 23 H,. This can be done in the same way as in the proof of Theorem 4.1; in fact, we can show that Hz -H,>Oon g,,,. (4.7) and {e("( k)}F:: be a set of vectors in Rd ("polarization vectors" of a photon with momentum k) such that e"'(k)*e '"'(k) = a,, k*e" '(k) = O,r,s= l,...,d -1. The time zero radiation field with cutoff j is defined by
We consider the following Hamiltonian: Theorem 4.3: The operator H, is bounded from below and essentially self-adjoint on a H,.
Proofi The operator H3 is also of the form of H given by (3.10) . It is obvious that H3 is bounded from below on gH,. Thus, applying Theorem 3.1, we get the desired result. n Remarks: In the case A = 0, the second condition for b in (4.7) can be dropped. The above theorem slightly improves the result in Ref. 10 on the essential self-adjointness of H3 with V(q) = eq2/2 and with R = 0 in the sense that concerning the condition for p, we need to assume only the first condition in (4.7)) while in Ref. 10, we assume, in addition to the first condition in (4.7)) &&EL 2( Wd).
Example 4: Scalar quantum electrodynamics with cutoffs. We consider a quantum system of a charged scalar field interacting with a radiation field. The Fock space to describe such a system is given by F=sT,(X) (i.e., the case "N = 0" in the framework given in Sec. III), WhereXisgivenby Theorem 4.4: The operator H4 is non-negative and essentially self-adjoint on D( HE,,,, ) i-i.%-, (X), Prooj One can easily check that H, is of the form of H given by (3.10) and is non-negative on D( HEM ) fLFo (Z). Thus we can apply Theorem 3.1 to obtain the desired result.
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